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It is shown that the application of sufficiently strong magnetic field to the odd-frequency paired
Pair Density Wave state described in Phys. Rev. B94, 165114 (2016) leads to formation of a
low temperature metallic state with zero Hall response. Applications of these ideas to the recent
experiments on stripe-ordered La1.875Ba0.125CuO4 are discussed.
Significance Statement. It is generally expected
that when magnetic field destroys superconductivity in
two dimensions the system becomes an insulator. It is
shown that there is a type of superconductivity, namely
the one where the wave function of pairs is odd in time,
where the result is not an insulator, but a metal with a
zero Hall response. It is suggested that the transition re-
cently observed in the striped-ordered high Tc supercon-
ductor La1.875Ba0.125CuO4 may belong to this category.
Introduction. Recent magnetotransport measurements
in x=1/8 LBCO [1] have revealed yet additional extraor-
dinary features of this otherwise highly usual system. It
has turned out that when the applied magnetic field de-
stroys the superconductivity in this layered material, the
system becomes metallic with zero Hall response. This
behavior is robust down to the lowest temperatures; the
sheet resistance gradually increases with magnetic field
leveling off at around B ∼ 30T at G = 2e2/h.
At x=1/8 doping the holes in copper oxide layers
of LBCO are arranged in static stripes at tempera-
tures below ∼ 40K. The material undergoes Berezinskii-
Kosterlitz-Thouless (BKT) transition at around TBKT =
16K into a two dimensional superconducting phase with
a finite resistivity in the c-direction [2]. The Meissner ef-
fect is established at much lower temperature ∼ 3K. The
theoretical explanation put forward in [3] assign these
unusual properties to the formation in each CuO layer
of Pair Density Wave (PDW) - a superconducting state
where the pairs have nonzero momentum Q. If the direc-
tion of Q is different in neighboring copper oxide layers
than the pairs would not able to tunnel and the layers
would remain decoupled. The theory [3, 4] models the
PDW state as an array of doped chains separated by un-
doped regions; the chains contain Luther-Emery liquids
with gapped spin sector and enhanced superconducting
fluctuations. An isolated chain has a quasi long range su-
perconducting order with a spin gap; the chains interact
through Josephson coupling (pair tunneling) and the long
range Coulomb interaction. Quasiparticles play no active
role in this scenario. I argue that this standard picture
of the stripe phase cannot explain the transport data of
[1], namely the combination of metallic longitudinal re-
sistivity and zero Hall conductivity. It will be shown that
once the strong magnetic field makes the Josephson cou-
pling irrelevant, the superconducting correlations in the
transverse direction become short range suppressing the
transport in the direction perpendicular to the chains.
To explain the metallic transport one has to assume the
presence of quasiparticles, as was done in [5]. However,
then one has to explain zero Hall conductivity.
The present paper suggests a different scenario in
which the above difficulties are resolved. It is based on
the results obtained in [8]. This paper describes a ver-
sion of a striped model where the spin gap and super-
conducting coupling on the hole doped stripes come as a
result of exchange interactions between the holes and the
surrounding spins and the Heisenberg exchange between
the spins. This leads to formation of PDW with the wave
vector along the stripes together with formation of hole-
and electron like Fermi pockets of gapless quasiparticles.
The restrictions related to the Luttinger theorem guar-
antee the equality of number of electrons and holes and,
as a consequence, zero Hall response. The existence of
ungapped quasiparticles is due to the fact that the PDW
order parameter had a finite wave vector incommensu-
rate with the Fermi surface which eliminates coupling be-
tween the order parameter and the quasiparticles. The
superconductivity is essentially 2D as in the standard
layered model, but since nothing prevents quasiparticles
from tunneling between the layers, and their transport is
3D.
The present paper begins with a pedagogical descrip-
tion of this model adopted to the case of a layered 3D
material with stripes in neighboring layers running per-
pendicular to each other, as is the case with LBCO. The
model displays staggered odd-frequency paired PDW
with a wave vector directed along the stripes. This stag-
gering makes the interlayer coupling of the order param-
eters difficult. Below I will recall the main results of [8]
generalizing them for finite magnetic fields and putting
them in the context of [1].
The model. The adopted description of the striped
state is one of a Kondo lattice. This is, however, a lat-
tice of a special kind where the conduction electrons and
local moments are segregated into stripes. In the first ap-
proximation we can consider a two dimensional arrange-
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2ment of parallel stripes. The salient feature of the model
is incommensurability between the Fermi wave vector of
the holes occupying the conducting chains (stripes) and
the lattice. The standard thinking about Kondo lattices
considers its physics as a product of competition between
the inter-spin and the Kondo interactions. If the former
one wins the spins decouple from the electrons and when
the latter wins the spins fractionalize, hybridize with the
itinerant electrons and become a part of the conduction
band giving rise to a heavy fermion Fermi liquid. It has
been frequently suggested (see, for example, [6, 7]) that
there are circumstances when the spin spin system left to
its own devices will not magnetically order, but form a
liquid - a strongly correlated state with short range spin
correlations. However, the experience of many years of
research in this direction indicates that such disordered
states are very difficult to realize. If interacting spins
do not order magnetically they tend to form so-called
Valence Bond Solids where the magnetic excitations are
gapped, but the translational symmetry is still broken.
In [8] I have considered a mechanism of spin liquid for-
mation based on cooperation between the Kondo and the
Heisenberg exchange interactions. Somewhat paradoxi-
cally such cooperation works better when the Heisenberg
exchange is stronger than the Kondo one provided the
spin liquid has a Fermi surface as is the case for soli-
tary spin S=1/2 Heisenberg chains. Such situation takes
place already for a single spin chain and, indeed, a single
Heisenberg chain coupled to one-dimensional electron gas
(1DEG) already provides a mechanism for Pair Density
Wave formation, as has been noticed in [9, 10]. Hence the
simplest way to realize such situation is to consider an
array of spin S=1/2 Heisenberg chains decoupled from
each other. In LBCO the doped and undoped stripes
alternate. To simplify matters I consider a somewhat
different situation when doped chains lie on top of the
Heisenberg one as was done in [8]. In this case each spin
chain is coupled to only one conducting chain. This ar-
rangement allows me not to consider additional details
which would only muddle the discussion.
A single KH ladder consists of an antiferromagnetic
spin S=1/2 Heisenberg chain (HC) coupled to 1DEG via
an anferromagnetic exchange interaction:
H =
∑
k
(k)ψ+kσψkσ +
JK
2
∑
k,q
ψ+k+q,ασαβψk,βSq +
JH
∑
n
SnSn+1, (1)
where ψ+, ψ are creation and annihilation operators of
the 1DEG, σa are the Pauli matrices, Sn is the spin
S=1/2 operator on site n and Sq is its Fourier trans-
form. It is assumed that JK << JH and the 1DEG is far
from half filling, |2kFa0−pi| ∼ 1 (kF is the Fermi momen-
tum of the electrons). Under these assumptions one can
formulate the low energy description of (1), taking into
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FIG. 1. A.) Spinon (blue) and electron (yellow) Fermi sur-
faces in the array of 1D Kondo-Heisenberg ladders. In the
limit when ladders are decoupled the Fermi surfaces are flat
and exhibit a perfect nesting. Then spinons and electrons
with opposite chirality hybridize and create spin gaps. The
spin subsystem decouples into two independent spin liquids
made as indicated by arrows. B.) The bare spinon (blue)
and electron (yellow) spectra. The Fermi momenta do not
coincide.
account that the backscattering processes between exci-
tations in the HC and the 1DEG are suppressed by the
incommensurability of the 1DEG. The effective theory is
valid for energies much smaller than both the Fermi en-
ergy F and the Heisenberg exchange interaction JH of
the model (1). It is integrable [10] and the exact solution
was used as a springboard for a controllable approach to
the model of a D-dimensional array of KH ladders devel-
oped in [8].
At JK = 0 both 1DEG and the Heisenberg chain are
critical systems. The excitations of the HC are gap-
less spinons whose spectrum is linear at small momenta:
ω = vH |k| with vH = piJH/2. Spinons are fractional-
ized particles: they carry zero electric charge and spin
S=1/2. In the absence of umklapp the only smooth
parts of the magnetizations of spin and electron chains
couple. It is remarkable that in the spin S=1/2 Heisen-
berg chain the smooth part can be represented as a sum
of the spin currents jR,L (14) which allow a fermionic
representation: jR =
1
2r
+σr, jL =
1
2 l
+σl, where r, l
are noninteracting 1D fermions with dispersion ±vHkx.
These fermions carry fictitious U(1) charge. However,
the charge degrees of freedom do not affect the current-
current commutation relations and hence do not partake
in the interaction with the conduction electrons. When
the Kondo coupling is much smaller than the electron
band width we can linearize the electron spectrum close
to the Fermi points introducing right- and left moving
3fermions R(k) = ψ(kx+kF , ky), L(k) = ψ(kx−kF , ky).
The resulting low energy description is
H = H+ +H− (2)
H+ =
∑
k
{
R(k)R
+
α (k)Rα(k) + vHkxl
+
α (k)lα(k)
}
+
JK
∫
dV R+σR(r)l+σl(r) (3)
H− = H+(R→ L,L→ R, kx → −kx). (4)
We can choose R,L = ±vF (kx−kF )+2t(cos ky+cos kz).
Representation (3,4) is similar to the one frequently
adopted for the Kondo lattices, see, for example, [11].
However, there is one difference, namely that in our ap-
proach the spinon right- and left moving fermionic op-
erators r, l do not interact and in the standard treat-
ment where the spins are arranged on a 3D lattice with
isotropic interactions they do.
The spectrum and the order parameters. The following
simple mathematical description gives the gist of what is
going on. Although it is possible to carry on the calcu-
lations rigorously, as was done in [8], I will resort to a
simplified approach. Namely, I decouple the interaction
with the Hubbard-Stratonovich transformation and look
for the saddle point:
JKR
+σRl+σl→ |∆+|2/2JK + (∆+R+α lα +H.c.), (5)
and the same for L and r. Then the quasiparticle spec-
trum at the saddle point is
E±(k) = ±(kxvH − R)/2 +√
(kxvH + R)2/4 + |∆+|2, (6)
where R = vF kx + t⊥(k), where t⊥ is the Fourier trans-
form of the interchain tunneling . Strictly speaking, this
procedure is justified when the SU(2) symmetry is re-
placed by the SU(N) one with N >> 1. However, as
was demonstrated in [8], the results remain robust even
for N = 2. Some details can be found in Supplemen-
tary Information [13]. However, even on this level we see
that ∆± are complex fields and their phases must remain
gapless.
If electrons are also 1D their Fermi surface is flat and
we have a process depicted on Fig. 1A. It is assumed
that the Fermi momenta of electrons and spinons are dif-
ferent so that there are no umklapp processes and the
hybridization takes place only between spinons and elec-
trons of opposite chirality. This opens a gap on the en-
tire electron Fermi surface. If one allows an interchain
tunneling the nesting becomes imperfect and pockets of
electron- and hole-like quasiparticles will appear as on
Fig. 3.
The Hubbard-Stratonovich approach gives somewhat
simplified picture of the spectrum. It turns out that the
gapped parts of the spectrum (6) corresponds to neutral
spinons - spin-1/2 incoherent excitations which remain
k
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FIG. 2. Holons of 1DEG (orange arrows) do not pair. Spinons
of 1DEG (thin arrows) pair with the spinons of opposite chi-
rality from the Heisenberg chain (thick arrows). This forms
the gapped spinon dispersion shown on the right. e = E/∆,
q = kx(vHvF )
1/2/∆ and vF /vH = 1/4. The spinons of the
Heisenberg model located at wave vectors −pi/2a0 (+pi/2a0)
pair with the spinons of the 1DEG located at kF (-kF ). The
product of the corresponding pairing amplitudes forms the
amplitude A of the composite order parameter (8).
confined to the chains. The gapless parts correspond to
coherent quasiparticles whose Fermi surfaces in the form
of particle and hole pockets are shown on Fig.3. There
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FIG. 3. Pockets of electron- and hole-like quasiparticles
formed in the spin liquid state with a sufficiently strong in-
terstripe electron tunneling. The bare electron and spinon
Fermi surfaces are gapped and marked by dashed lines.
are also gapless collective modes corresponding to fluc-
tuations of the order parameter fields. The Hubbard-
Stratonovich fields ∆± contain a fictitious U(1) phase of
the r, l fermions and hence are not gauge invariant. The
real order parameter (OP) fields in the KH ladder are
their products ∆+∆− and ∆+∆∗−[12]. These OPs can
be expressed in terms of the electron and spin operators:
Ocdw = ψ+(x)
[
(SxSx+a0)Iˆ + i(σSx)
]
ψ(x)ei(pi/a0+2kF )x
Osc = i(−1)x/a0ψ(x)σy
[
(SxSx+a0)Iˆ + i(σSx)
]
ψ(x), (7)
where Iˆ is a unit matrix. For a single KH chain correla-
tion functions of these composite OPs have a power law
decay at T = 0. These OPs can be conveniently written
4in the matrix form:
Oˆ =
( Ocdw O+sc
−Osc O+cdw
)
= Agˆ, (8)
where A ∼ ∆ is an amplitude and g is the matrix field of
the SU1(2) Wess-Zumino-Witten-Novikov model govern-
ing the dynamics of the collective charge excitations (see
Eq.(18 in [13]).
Using the equations of motion ψ˙ = [H,ψ], where the
dot stands for derivative in Matsubara time, one can
show that these OPs have finite overlap with the order
parameters of the odd-frequency Pair Density Wave and
odd-frequency CDW:
Oosc = ψ˙(τ, x)σyψ(τ, x)(−1)x/a0 ,
Oocdw = ψ˙+(τ, x)ψ(τ, x)ei(2kF+pi/a0)x (9)
One can find more detailed discussion of odd-frequency
superconductivity in the review article [14]. The idea
that Kondo lattices may support odd-frequency super-
conductivity was put forward in the 90-ties [15, 16] and
its relation to the composite orders (7) was discussed in
[9, 10, 17]. However, the mean field theory presented in
[15, 16] was too simple to account for interesting proper-
ties of the KH ladder encoded in its correlation functions.
Let us now turn to the quasiparticles. The best way
to detect them is to calculate the single particle Green’s
function. For the standard model such calculations were
done in [5] with the result that the PDW leaves certain
parts of the Fermi surface ungapped. However, this ap-
proach does not produce zero Hall response - one of the
striking features on the metallic phase observed in [1].
In the PDW state discuss here this feature comes as a
consequence of the strong interactions and the spin gap
formation. The simplest way to see this is to consider
the RPA form of the Green’s function:
GRPA = [G
−1
1D(ω, kx)− t⊥(k)]−1, (10)
where G1D is the the Green’s function of a single KH lad-
der. This approximation allows one to take into account
the strongest correlations on a single chain encoded in
G1D which can be calculated nonperturbatively. Its pre-
cise form is given in [8, 13]. In the present context we
need to know that G1D(ω = 0, kx = ±kF ) = 0 which al-
lows the purely one dimensional KH ladder to satisfy the
Luttinger theorem despite the absence of Fermi surface.
This property translates to (10) which guaranties that
even for sufficiently large t⊥ when (10) acquires quasi-
particle poles at zero frequency, they will not contribute
to the Luttinger volume already fixed by the zeroes. In
other words, the poles will cancel each other resulting in
a compensated metal with zero Hall response [13].
A failure of the standard model. Below I consider the
standard model of stripes in strong magnetic field and
will show that ones the Josephson tunneling is frustrated
the low temperature transport of pairs becomes impossi-
ble. The standard model describes the charge sector of
stripe phase as an array of one dimensional Luther-Emery
liquids coupled by Josephson tunneling. The effective La-
grangian density describing superconducting fluctuations
of such system is
L =
∑
y
{1
2
[
v−1(∂τθy)2 + v(∂xθy)2
]
+
J cos[β(θy − θy+1)− 2hx/v]
}
, (11)
where h = eHa0v/c with a0 being the interchain distance
and H the applied magnetic field; v is the velocity of the
phase mode, β is a parameter related to the interactions.
In what follows I set v = 1. I assume that the long
range Coulomb interaction is screened, for instance, by
the gapless quasiparticles as in [5].
For our purposes it will be sufficient to calculate
the order parameter correlation function χP (τ ;x, y) =
〈〈eiβθy(τ,x)e−iβθ0(0,0)〉〉, for large magnetic field when it
can be done using the perturbation theory. The ex-
pansion parameter of this theory is J/h2−2d, where d =
β2/4pi. In the leading order in this parameter the corre-
lation function for a given y must include only minimal
number of Josephson interactions sufficient for the pair
to tunnel for a given distance:
χP (A,B; y) = (12)
Jy
∫ y∏
i=1
dτidxiχ(A, 1)χ
∗(1, 2)χ(2, 3)...χ(y − 1, B)×
e2ih(x1−x2+x3+...),
where A,B are shorthand for (τA, xA), (τB , xB) and
χ(1, 2) is just the correlation function χP (τ1 − τ2, x1 −
x2; y = 0) at J = 0. Taking the Fourier transform and
setting kx = 0 to simplify the expressions, we get
χP (ω, kx = 0, ky) =
G−1(ω, h)− J cos ky
(G−1(ω, h)− J cos ky)2 + J2 sin2 ky
,
where G−1 = A(ω2 + h2)1−d, with A being nonuniversal
dimensional parameter. At J << h2−2d the correlator is
short ranged which means that —colorred the transverse
tunneling of pairs is blocked. At these circumstances one
is left with conductivity along the chains, but since this
is associated with charge density waves which are pinned
by disorder, this will also vanish.
Summary and Discussion. Let us summarize the
physics of KHA with the interstripe tunneling is of or-
der of the spin gap. At energies below the spin gap the
system effectively splits into two quasi independent sec-
tors. One sector is the collective modes - the supercon-
ducting and the CDW fluctuations. The other sector is
the quasiparticles. The order parameters are staggered
with wave vectors incommensurate with the Fermi sur-
face which has the most profound consequences for the
low temperature behavior. First of all the incommensu-
rability guarantees that the quasiparticle Fermi surface
5remains ungapped even when there is a true long range
order. Then in the layered system where the stripes in
the neighboring planes are perpendicular to each other,
the order becomes effectively two dimensional since the
interlayer coupling is frustrated. The quasiparticle tun-
neling, however, is not frustrated and the quasiparticles
are free to propagate in all directions which prevents their
localization. At last, the total Fermi surface volume (the
Fermi volume of the electron- minus the volume of the
hole-like parts) is zero. As is explained above, this is a
property of the strongly correlated spin liquid state from
which the PDW originates. As a consequence, the Hall
response is zero below the BKT transition.
Measurements of the specific heat produce a finite
value of γ(T → 0) = 2.5 mJ K−2mol−1 which increases
to 2.8 mJ K−2mol−1 in H= 9T [18] (about an order of
magnitude smaller than in the normal state). This is
consistent with existence of a Fermi surface. The quasi-
particle Fermi energy must be of the order of the spin
gap which for a similar material LSCO is estimated as
∼9 meV [20]. Such shallow Fermi sea could remain un-
detected by the ARPES measurements [19] in the stripe-
ordered LBCO. In any case the ARPES experiments rep-
resent problem for the standard model as well. Another
potential problem is magnetic order in the stripe-ordered
phase. Naturally, a strong order will destroy the spin
gap which gives rise to the PDW. However, a weak order
may coexist with PDW [8, 13] and the measurements in
a similar compound LNSCO with x = 0.12 yield a small
Cu moment of 0.10 ±0.03 µB [21]. Besides zero Hall
conductivity and finite γ there is another feature which
distinguishes the present theory from the standard one,
it the direction of the wave vectors of the staggered order
parameters. They are directed along the stripes and this
presumably can be tested experimentally.
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6SUPPLEMENTARY INFORMATION
This material contains a technical description of the system described in the main text. This description partially
repeats the presentation of [1].
The core model: the Kondo-Heisenberg (KH) ladder
.
The description given below is based on the ideas of non-Abelian bosonization. The advantage of using this formal-
ism is that it provides a uniform description for the low energy Hamiltonians of 1DEG and spin S=1/2 Heisenberg
model. Both Hamiltonians can be expressed in terms of the current operators which form closed algebra, namely the
SU1(2) Kac-Moody one. This representation is extremely useful for nonperturbative treatment of the problem since
from the very beginning it makes manifest several very nontrivial facts.
The current operators include the right- and the left moving components of the fermion fields which emerge from
the low energy decomposition of the fermion field:
ψ(x) = e−ikF xR(x) + eikF xL(x), (13)
and smooth parts of the magnetization of the Heisenberg chain:
Sn =
[
jR(x) + jL(x)
]
+ (−1)nNs(x) + ..., x = na0 (14)
where the dots stand for less relevant operators, a0 is the lattice distance, Ns(x) is the staggered magnetization
operator which will be discussed later in greater detail. As I have said, the spin currents jR(x), jL(x) satisfy SU1(2)
Kac-Moody algebra as well as the spin currents of the electrons
FR =
1
2
R+σR, FL =
1
2
L+σL, (15)
and the electron charge currents:
IzR = R
+
σRσ, I
+
R = R
+
↑ R
+
↓ , I
−
R = R↓R↑. (16)
Due to the incommensurability between 1DEG and the lattice the staggered magnetization drops out from the
Kondo interaction. As a result the latter interaction is expressed solely in terms of the currents. The resulting low
energy Hamiltonian of the KH ladder is [1] :
Heff = Hcharge +H(Rl)s +H(Lr)s (17)
Hcharge = 2pivF
3
(
: IRIR : + : ILIL :
)
(18)
H(Rl)s =
2pivF
3
: FRFR : +
2pivH
3
: jLjL : +JKFRjL (19)
H(Lr)s =
2pivF
3
: FLFL : +
2pivH
3
: jRjR : +JKFLjR (20)
Here vF , vH are the Fermi velocity of the 1DEG and the spinon velocity of the HC respectively. The double dots
denote normal ordering.
The model (17) was studied in [2]. It has an emergent high SU(2)charge×SU(2)spin×SU(2)spin symmetry. As
we can see, the low energy Hamiltonian is split into three mutually commuting parts describing charge and spin
excitations. The charge excitations described by (18) are the same as in 1DEG. Their Hamiltonian does not contain
any interacting terms and describes collective charge excitations of 1DEG (plasmons). In the absence of long range
Coulomb interaction these plasmons have linear gapless spectrum ω = vF |k|.
It is remarkable that the spin excitations are also separated in two independent sectors (19,20) distinguished by
parity. These two sectors are mirror images of each other. At JK = 0 spin excitations of both 1DEG and spin S=1/2
Heisenberg chain are gapless spin density wave modes (spinons). Their spectra are ω1DEG = vF |k| and ωH = vH |k|
respectively. As for 1D critical theories with linear spectrum, modes with different chirality do not interact with each
other. So each spin sector consists of right- and left moving modes which do not talk to each other. They start
7talking once the interaction is turned on, but, as is clear from (19,20) it happens in a nontrivial way. Due to the
incommensurability of the 1DEG and the Heisenberg chain the only components of the magnetization which interact
are the smooth ones and they are expressed solely in terms of the currents. The only relevant interactions are those
which include the currents of opposite chirality. As a consequence, the right movers from 1DEG interact with the left
movers from the Heisenberg chain and vice versa. This is reflected in the structure of (19,20) where we have grouped
together the interacting modes. So, as we have said, the spin sector is decoupled into two independent sectors with
different parity.
As we have said, the charge subsector of the KH ladder (18) is critical, the spectrum is linear: ω = vF |k|. Models
(19,20) describing the spin sector are integrable, at JK > 0 their spectrum consists of gapped spin 1/2 excitations
(spinons) [5] with dispersion relations E(k)Lr = E(−k)Rl = E(k),
E(k) = k(vH − vF )/2 +
√
k2(vF + vH)2/4 + ∆2, (21)
where ∆ = C
√
JKJH exp[−pi(vF + vH)/JK ], with C being a nonuniversal numerical factor. As is clear from (19,20),
the spinon gaps are generated by paring of spinons of a given chirality from the 1DEG with their partners of opposite
chirality from the HC. This makes the ground state topologically nontrivial . For periodic boundary conditions (BC)
the two spin sectors are independent and hence the energy levels are doubly degenerate. For open BC the system
can be projected onto one sector with periodic BC, but of the double length. The distinct feature of this spin liquid
is that it can be formed only by conduction electrons and Heisenberg spinons acting together. In that respect our
scenario radically differs from the one taken in [6–9], where the spin liquid can be formed solely by local magnetic
moments.
In one dimension continuous symmetry cannot be spontaneously broken even at zero temperature due to strong
fluctuations. Hence one cannot have order, but there may be a tendency to it giving rise to a T → 0 singularity in the
corresponding static susceptibility. For example 1D Charge Density wave with wave vector Q would have the static
charge susceptibility at wave vector Q diverging as T−α with α > 0. The Fourier component of the charge density
with wave vector Q is then called fluctuating order parameter field or just order parameter field for short.
Order parameters
The advantage of using the WZNW representation is that it makes the SU(2) symmetry manifest. However, for
many practical calculations it is convenient to use the Abelian bosonization. This is possible since the SU1(2) Kac-
Moody algebra admits an Abelian representation. The corresponding Hamiltonian can be written as the Hamiltonian
of free bosons:
Hcharge = vF
2
[
(∂xΘc)
2 + (∂xΦc)
2
]
, (22)
where field Φc and its dual field Θc satisfy the standard commutation relations [Φc(x), ∂xΘc(x
′)] = iδ(x−x′). Likewise
the Hamiltonians for the spin sector of the 1DEG and the S=1/2 Heisenberg chain can be written in the same
Gaussian form with bosonic fields Φs,Θs and ΦH ,ΘH respectively. The SU(2) symmetry imposed on the Gaussian
model manifests itself in the selection of the operators constituting the operator basis of the theory (see below).
Model (22) is critical, the excitation spectrum is linear. Hence its Hilbert space factorizes into holomorphic and
antiholomorphic parts. This agrees with the fact that the WZNW Hamiltonian can be written as a sum of commuting
parts containing currents of different chirality. In fact, the Gaussian model (22) has a unique property among the
critical models: its primary fields can be factorized into a product of holomorphic and antiholomorphic parts containing
exponents of holomorphic ϕa and antiholomorphic ϕ¯a (a = c, s,H parts of the bosonic fields
ϕ = (Φ + Θ)/2, ϕ¯ = (Φ−Θ)/2. (23)
For instance, the bosonization rules for the fermion operators are
Rσ =
ξσ√
2pia0
e−i
√
2pi(ϕc+σϕs), Lσ =
ξσ√
2pia0
ei
√
2pi(ϕ¯c+σϕ¯s), (24)
where ξσ are Klein factors {ξσ, ξσ′} = 2δσσ′ .
The SU(2) symmetry manifests itself in the selection of the operators. The SU(2)-symmetric operator basis contains
only derivatives of fields ϕ, ϕ¯ and integer powers of the exponents
zσ = (2pia0)
−1/4 exp[iσ
√
2piϕ], z¯σ = (2pia0)
−1/4 exp[−iσ
√
2piϕ¯], σ = ±1.
zσ = z
+
−σ. (25)
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a
σ have conformal dimensions (1/4,0), (0,1/4) respectively and can be considered as the holon and
the spinon operators of the 1DEG (a = c, s) and the spinon operators of the Heisenberg chain (a = H). According to
(24) the annihilation operators of the right- and left moving electrons can be written as
Rσ = ξσ
(
zc−z
s
σ
)
, Lσ = ξσ
(
z¯c−z¯
s
σ
)
. (26)
The operator ∆cdw = R
+
σ Lσ = (z¯
c
+z
c
−)(z¯
s
−σz
s
σ).
The S=1/2 Heisenberg model also possesses an approximate symmetry between correlation functions of the stag-
gered components of the energy density and the magnetization operators such that they can be united in a single
SU(2) matrix field
Gˆ(x) = (−1)n
[
A(SnSn+1) + iB(σSn)
]
, x = a0n, (27)
where A,B are nonuniversal amplitudes. The symmetry is not perfect due to the marginally irrelevant current-current
interaction (not shown here). This field is the spin 1/2 primary field of the SU1(2) WZNW model. It can be factorized:
Gσσ′ =
1√
2
eipi(1−σσ
′)/4zHσ [z¯
H
σ′ ]
+. (28)
Models (19,20) have their own order parameters (OPs) with nonzero vacuum expectation values.
〈OrL〉 =
∑
σ
〈zsσ[z¯Hσ]+〉, 〈OlR〉 =
∑
σ
〈[z¯sσ]+zHσ 〉. (29)
They form the amplitude of the composite OPs given by Eq. 9 of the main text:
A = 〈OrL〉〈O+lR〉 (30)
and are nonlocal in terms of both the 1DEG fermions and the local spins (hereafter they will be called NOPs, with N
for ”nonlocal”). Since the scaling dimension of these NOPs is equal to 1/2, their vacuum expectation value ∼ ∆1/2. To
get a better understanding of the NOPs, models (19,20) will be rewritten using Abelian bosonization. For simplicity we
will consider the case vH = vF = 1 when these models are equivalent to the sine Gordon model with the Lagrangian:
L =
∫
dx
[ (1 + JK/pi)
2
(∂µΦ)
2 − JK
pia0
cos(
√
8piΦ)
]
, (31)
where Φ = ϕs+ ϕ¯H for the model (19) or ϕH + ϕ¯s for the model (20). The NOPs (29) correspond to 〈cos(
√
2piΦ)〉. In
the ground state this vacuum average may have any sign. Since only the product (30) enters into observable quantities,
the ground state degeneracy is 2. This corresponds to the ground state degeneracy of spin S=1/2 antiferromagnetic
chain.
Correlation functions
According to (26) the single particle Green’s function factorizes into a product of two independent functions deter-
mined by the charge and the spin sector respectively. Thus for the right movers we have:
GRR = 〈〈zc−(τ, x)[zc−]+(0, 0)〉〉〈〈zsσ(τ, x)[zsσ]+(0, 0)〉〉, (32)
with a similar expression for the left movers with z substituted for z¯. Likewise, for the staggered magnetizations of
the Heisenberg chain we have
〈〈N(τ, x)N(0, 0)〉〉 = 〈〈zH(τ, x)[zH(0, 0)]+〉〉〈〈z¯H(τ, x)[z¯H(0, 0)]+〉〉 (33)
Since the charge sector is described by the Gaussian noninteracting theory (22), the corresponding correlator in
(32) is easy to calculate:
〈〈zc−(τ, x)[zc−]+(0, 0)〉〉 ∼ (vF τ − ix)−1/2 (34)
The next problem is to calculate the correlator of the spin components which enter in (32) and (33). As was explained
in [3, 4], most of the spectral weight in these correlators comes from the processes with an emission of a single massive
spinon. Therefore it is sufficient to calculate just one matrix element. This was done using the Lorentz symmetry
9considerations [3]. Such considerations are directly applicable for the case vH = vF , but the general situation can be
continuously deformed into the Lorentz invariant one.
These correlation functions can be calculated using the advanced methods available in 1D. Some results can be
obtained by using a minimal knowledge of the spectrum and the operator structure of the theory, combined with
symmetry considerations, as was done in [3, 10]. In particular, the single electron Green’s functions are similar to the
ones in the Hubbard model and in the model of the 1DEG with attractive interaction [3, 11]. For small |k| << kF
for the retarded functions we have G(ω, k ± kF ) = GRR,LL(ω, k), GRR(ω, k) = GLL(ω,−k),
GRR(ω, k) = (35)
Z0
ω − vF k
[ ∆√−(ω + i0− vF k)(ω + i0 + vHk) + ∆2 − 1
]
+ ...,
where the dots stand for terms with emission of more than one spinon and Z0 is a nonuniversal numerical factor. At
ω = 0 the Green’s function changes sign by going through zero at wave vectors ±kF . Since the Green’s function for
the localized electrons has zeroes at ±pi/2a0, the total volume inside of the surface of zeroes is pi/a0 +2kF . It includes
both the localized and the delocalized electrons in a full agreement with Luttinger theorem.
Due to the decoupling of the spin sector (19,20) the correlators of the staggered parts of the magnetizations are
products of the spinon Green’s functions. The most singular parts of the dynamical magnetic susceptibilities are
concentrated near the wave vectors pi/a0 (for the spins) and 2kF (for the electrons). They have the following form [1]:
〈〈S(τ, x)S(0,0)〉〉 = (36)
ZN (−1)x/a0
pi
√
v2Hτ
2 + x2
exp
{
−∆[(τ + ix/vH)(τ − ix/vF )]1/2
}
× exp
{
−∆[(τ − ix/vH)(τ + ix/vF )]1/2
}
,
〈〈s(τ, x)s(0, 0)〉〉 = 〈〈ρ(τ, x)ρ(0, 0)〉〉 = Zs,ρ cos(2kFx)
kF
√
v2F τ
2 + x2
〈〈S(τ, x)S(0,0)〉〉, (37)
where ZN , Zs,ρ are nonuniversal numerical factors. In the frequency -momentum space the susceptibility of the local
spins (36) displays a strong continuum centered at k = ±pi/a0 and the charge and spin susceptibilities of the 1DEG
(37) display a weaker continuum around ±2kF . At vH = vF = v the Fourier transform of (36) is
χ1D(ω, pi/a0 + k) =
ZN√
4∆2 + (vk)2 − ω2 (38)
Coupled chains
To promote the above OPs to the status of a real long range order we need to assemble the KH ladders into an
array. To preserve the controllable status of the model we consider the layered array where the spin chains couple to
spin chains and the electronic chains to the electronic ones.
For simplicity we consider only the nearest neighbor interactions and take into account the most relevant part of
the exchange interaction:
Htunn =
∑
y,r
tr
∫
dx[ψ+y (x)ψy+r(x) +H.c.], (39)
Hex =
∑
y,r
J˜r
∫
dxNy(x)Ny+r(x), (40)
where N is the staggered component of the magnetization. The exchange integral J˜r is a sum the direct antiferromag-
netic superexchange between the spin chains and the ferromagnetic one generated in the 2nd order in the interchain
tunneling:
J˜ = −t2J2K
∫
dωdk
(2pi)2
1
[iω − (k)]2[iω − (k + pi/a0)]2
∼ −J2Kt2/W 3, (41)
Hence J˜ may have any sign and magnitude.
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The simplest situation is the one when the interchain tunneling t and exchange interaction J˜ are much smaller than
the spin gap ∆. However, in the present case we are interested in a different situation, namely, when the tunneling
and the superexchange are sufficiently strong to create, respectively, a quasiparticle Fermi surface and a magnetic
order.
The electron Green’s function can be in the first approximation obtained using RPA:
G(ω,k) =
[
G−11D(ω, kx)−
∑
r
tr cos(kr)
]−1
, (42)
where G1D is given by (35). Since G1D(0, kx) is finite, one needs the tunneling integral to exceed a certain threshold to
create gapless quasiparticles. Hence below this threshold there is no Fermi surface and all single electron excitations
are gapped. On the other hand, since G1D(0,±kF ) = 0, the Green’s function (42) has zeroes at lines kx = ±kF
at zero frequency and hence satisfies the Luttinger theorem, as we discussed above. The single electron Green’s
function (42) acquires poles at zero frequency when the interchain tunneling exceeds some critical value. These
poles correspond to spinon-holon bound states which carry quantum numbers of electron and hence correspond to
quasiparticles. Strictly speaking, for RPA to become a controllable approximation one needs a long range tunneling,
something like tr ∼ exp(−|r|/R). Then corrections to RPA will include the small parameter a0/R, where a0 is the
size of the unit cell. However, to simplify the discussion we will consider 2D rectangular lattice with nearest neighbor
hopping.
Obviously, RPA is approximation and one cannot guarantee that the lines of zeroes will not move when corrections
are taken into account such that the sum rule remains fulfilled, but (42) shows at least that the matter deserves to
be taken seriously. The robustness of the RPA result with respect to corrections is discussed in [1]. First, the main
threat to stability of RPA comes from singular corrections. All other corrections can be made parametrically small
if we adopt long range tunneling. Second, there are two sources of singular corrections. There are those which are
related to the proximity to the phase transition discussed in the previous subsection. However, since the transition
temperature Tc ∼ J =∼ J˜(t/∆)2 ( see the next Section) is parametrically different from the Fermi energy of the QP’s,
one can always find a parameter range where there exists a temperature window where the quasiparticles are well
defined. Singular corrections can be also generated by interactions between the quasiparticles and collective modes.
However, in the present case they are absent since the wave vectors of the order parameters (2kF +pi/a0 and pi/a0) are
incommensurate with 2kF and although the Fermi surfaces of the QP’s are nested, the order parameter fluctuations
do not couple to them.
The model we are discussing describes a compensated metal. The numbers of holes and electrons in the Fermi
pockets are equal and the pockets do not contribute either to the Luttinger volume or to the Hall constant RH . As
before, the Luttinger theorem is fulfilled solely by the Green’s functions’ zeroes.
RPA expression for the magnetic susceptibility is given by
χ(ω,k) =
[
χ−11D(ω, kx)−
∑
r
Jr cos(kr)
]−1
, (43)
where χ1D is given by (36). The latter formula is valid only for sufficiently small Jr away from the instability. When
the interstripe exchange exceeds the spin gap the system acquires a finite staggered magnetization.
The presence of static staggered moment or(and) of a quasiparticle Fermi surface leads to decrease in the order
parameter amplitude. However, it seems reasonable that the pairing can survive if the ordered moment is small and
the Fermi surface volume is much smaller than the volume of the bare Fermi surface.
Luttinger theorem
One dimensional systems provide us with clear examples of states where spectral gaps develop when the Brillouin
zone is not completely occupied by the electrons. Since Fermi surface in this case is absent, it is legitimate to ask
what happens with the Luttinger theorem. It has been a matter of debate; in particular Dzyaloshinskii remained us
that in the standard proof of the Luttinger theorem zeroes of the single particle Green’s function contribute to the
Luttinger volume alongside with the poles [12]. This suggestion has been challenged, the most persuasively in [13],
where it was argued that the standard proof cannot be used in the corresponding models since the Luttinger-Ward
functional does not exist if the self energy has poles. However, we know the gapped systems where the fulfillment of
the Luttinger theorem can be demonstrated explicitly, as it was done in [14]. These include all (1+1)-dimensional
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models with Lorentz symmetry where the Green’s functions of the right- and left moving particles situated at +kF
and −kF respectively are expressed as
GRR,LL(τ, x) = me
±iφF(mr), r =
√
τ2 + (x/v)2, φ = tan−1(τv/x), (44)
where m is the characteristic energy scale of order of the gap. The function F(x) decays exponentially at large x and
∼ 1/x at x << 1. Then we have
GRR,LL(ω = 0, k = 0) ∼
∫ 2pi
0
dφ
∫ ∞
0
drrF(mr) = 0. (45)
The integration can be performed safely since the integral in r converges. The proof can be easily extended for the
cases when charge and spin sectors have different velocities. This shows that at least for model (17) the Luttinger
theorem with zeroes is valid.
Ginzburg-Landau action for collective modes
In what follows it will be assumed that the coupling between KH ladders is unfrustrated and the most of the spectral
weight in the spin sector lies at energies higher than the spin gap. The latter is equivalent to the assumption that
the quasiparticle Fermi surface and the staggered magnetic moment are small. Then the spin sector can be effectively
integrated out and one obtains the effective action for the low energy charge modes. They are bosons. There are
neutral and charged ones, the latter ones carry charge 2e. In the dimerized phase the order combines dimerization in
the spin subsystem and the conventional superconductivity in the electron one.
At certain temperature this fluctuating superconductor undergoes a phase transition into a state with either an
odd-frequency pair density or odd-frequency charge density wave order. The effective Ginzburg-Landau action for the
collective modes is written in terms of the SU(2) matrix field g (Eq. 9 from the main text) describing the low energy
components of the composite OPs. The partition function is the path integral Z =
∫
Dg exp(−S) with action
S =
∑
y
[
W [gy]−
∫ 1/T
0
dτ
∫
dxJrTr(σzgyσzg+y+r +H.c.)
]
, (46)
where W [g] is the SU1(2) WZNW action and J ∼ J˜(t/∆)2. In the Hamiltonian formulation W [g] corresponds to (18).
Notice that the sign of J coincides with the sign of the interchain exchange interaction. For the sake of simplicity
the above formulae are written for a bipartite lattice with nearest neighbor coupling. In the presence of long range
Coulomb interaction this action must be augmented by the term including smooth parts of the charge density. In
non-Abelian bosonization
JR = − k
4pi
g(∂τ + i∂x)g
−1, JL = − k
4pi
g(−∂τ + i∂x)g−1 (47)
Hence
ρ = (JL + JR)
z = − i
2pi
Tr(σzg∂xg
−1), (48)
and the Coulomb interaction yields
V =
1
2
∑
y,y′
∫
dxdx′ρ(x, y)U(x− x′; y − y′)ρ(x′, y′). (49)
Although the Wess-Zumino term in W [g] which includes time derivative does not change the critical properties of the
transition at finite T, its presence affects the dynamics of the charge excitations. Above the transition temperature
the correlation function of the OP’s can be estimated using RPA:
〈〈g(ω,k)g+(ω,k)〉〉 =
[
D−1(ω, k‖)−
∑
r
Jr cos(kr)
]−1
, (50)
D(ω, k) =
A
T
ρ
(ω − vF k
4piT
)
ρ
(ω + vF k
4piT
)
, ρ(x) =
Γ(2∆− ix)
Γ(1− 2∆− ix) . (51)
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Here D is the correlation function in the SU1(2) WZNW model, the sum runs over nearest neighbors of a given ladder
and A is a nonuniversal amplitude. Eq.(50) yields estimate of the mean field transition temperature: TMF ∼ J . If
the lattice is three dimensional the real and mean field transition temperatures are not that different from each other.
It is instructive to calculate the contribution of the bosonic modes to the transverse conductivity above the transition.
In the leading order in J is given by
σ⊥(ω) ∼ J
2
T
sin(4pi∆)
1
ω
=m Γ
2(2∆− iω/4piT )
Γ2(1− 2∆− iω/4piT ) (52)
Here we need to take into account the fact that ∆ = 1/4Kc, where Kc is the Luttinger parameter which we have
treated so far as equal to 1. In the low frequency limit we have
σ⊥(0) ∼ J
2
T 2
cos2(pi/2Kc). (53)
Below the transition we can extract from (46) the Ginzburg-Landau free energy by neglecting the time dependency
in W [g]:
F =
∑
y
∫
dx
[ vF
16pi
Tr(∂xg
+
y ∂xgy)−
1
2
Tr
∑
r
Jr(σzgyσzg+y+r +H.c.)
]
, (54)
which can also be augmented by the Coulomb interaction term (49). Then taking the continuum limit in the direction
perpendicular to the chains we can rewrite (54) as follows:
F =
1
2
∫
dV
(
ω3µρ
‖
µνω
3
ν + ∂µnρ
⊥
µν∂νn
)
, (55)
ω3µ = ∂µφ− cos θ∂µψ, n = (cos θ, sin θ cosψ, sin θ sinψ). (56)
This free energy is similar to the one of He3-A.
To include the magnetic field we have to take into account that some components of the g-matrix are charged fields
with charge 2e. As is clear from the main text, the charged component of the order parameter is the off-diagonal part
of g. Therefore under gauge transformation g transforms as eiαge−iα. It will be convenient to us to choose the Euler
parametrization for g:
g = exp
( i
2
σzφ
)
exp
( i
2
σxθ
)
exp
( i
2
σzψ
)
. (57)
The gauge transformation shifts φ and ψ in opposite directions. In the continuum limit we have to replace:
∂µφ→ ∂µφ− (2e/c)Aµ, ∂µψ → ∂µψ + (2e/c)Aµ. (58)
[1] A. M. Tsvelik, ”Fractionalized Fermi Liquid in a Kondo-
Heisenberg model,” Phys. Rev. B 94, 165114 (2016).
[2] O. Zachar, and A. M. Tsvelik, ”One-dimensional electron
gas interacting with a Heisenberg spin-1/2 chain”, Phys.
Rev. B 64, 033103 (2001).
[3] F. H. L. Essler and A. M. Tsvelik, ”Weakly coupled one-
dimensional Mott insulators”, Phys. Rev. B65, 115117
(2002).
[4] S. Lukyanov, A. Zamolodchikov, ”Form factors of soliton-
creating operators in the sine-Gordon model”, Nucl.
Phys. B607, 437 (2001).
[5] N. Andrei, ”Diagonalization of the Kondo Hamiltonian”,
Phys. Rev. Lett. 45, 379 (1980).
[6] T. Senthil, S. Sachdev, and M. Vojta, ”Fractionalized
Fermi liquids”, Phys. Rev. Lett. 90, 216403 (2003).
[7] M. S. Scheurer, S. Chatterjee, Wei Wu, M. Ferrero, A.
Georges, S. Sachdev, “Topological order in the pseudogap
metal”, PNAS 115, E3665 (2018).
[8] Y. Y. Chang, S. Paschen, and C.-H. Chung, ”Strange
metal state near a heavy-fermion quantum critical
point”, Phys. Rev. B97, 035156 (2018).
[9] C. Pepin, “Fractionalization and Fermi-Surface Volume
in Heavy-Fermion Compounds: The Case of YbRh2Si2”,
Phys. Rev. Lett. 94, 066402 (2005).
[10] F. H. L. Essler and A. M. Tsvelik, “Finite temperature
spectral function of of Mott insulators and Charge Den-
sity Wave States”, Phys. Rev. Lett 90, 126401 (2003).
[11] D. Mou, R. M. Konik, A. M. Tsvelik, I. Zaliznyak, X.
Zhou, ”Charge density wave and one-dimensional elec-
tronic spectra in blue bronze: Incoherent solitons and
spin-charge separation”, Phys. Rev. B 89(R), 201116
(2014).
[12] I. Dzyaloshinskii, ”Some consequences of the Luttinger
theorem: The Luttinger surfaces in non-Fermi liquids
and Mott insulators”, Phys. Rev. B 68, 85113 (2003).
13
[13] K. B. Dave, P. W. Philips, C. L. Kane, ”Absence of Lut-
tinger’s Theorem due to Zeroes in Single-Particle Green’s
function”, Phys. Rev. Lett. 110, 090403 (2013).
[14] A. M. Tsvelik, in Quantum Field Theory in Condensed
Matter Physics, Cambridge University Press, 2nd edition,
(2003), pp. 327-328.
